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We present a rigorous proof of the gauge invariance between the QED Hamiltonian in the Coulomb
gauge and the dipole gauge under the same level of electronic state truncation. We further derive an
equivalent and yet convenient expression for the Coulomb gauge Hamiltonian that obeys the gauge
principle. We finally provide the analytical and numerical results of a model molecular system
coupled to the cavity to demonstrate the validity of our theory. This work provides the fundamental
theoretical framework for the molecular cavity Quantum Electrodynamics by establishing the gauge-
invariant Hamiltonians and the general procedure to obtain them.
Coupling molecules to the quantized radiation field in-
side an optical cavity creates a set of new photon-matter
hybrid excitations, so-called polaritons [1–4]. The rich
dynamic interplay among these electronic, photonic, and
nuclear degrees of freedom (DOF) has enabled a new
paradigm for achieving unique chemical reactivities [5–
9]. The non-relativistic quantum electrodynamics (QED)
Hamiltonian that describes such quantum light-matter
interactions should obey the gauge principle, i.e., giving
rise to the same physical results (physical observables)
upon a gauge transformation [10, 11]. While the QED
Hamiltonian under both the Coulomb and the dipole
gauges (length gauge) indeed obeys this principle, these
Hamiltonians under a finite electronic state truncation
(the few-level approximation) are known to break such
gauge invariance [12–18]. This breakdown of the gauge
invariance was attributed to the fact that the dipole op-
erator and the momentum operator behave significantly
different within a truncated electronic subspace [16]. Re-
cent progress [17] has demonstrated that it is possible to
develop a gauge theory within the presence of a finite-
level truncation of the matter system, which resolves the
gauge ambiguity for a two-level atom coupled to the cav-
ity. In this letter, we provide a general proof that gauge
invariance can be preserved upon electronic states trun-
cation for an arbitrary molecule coupled to an optical
cavity, as well as provide a general expression for the
Coulomb gauge molecular QED Hamiltonian that obeys
the gauge principle.
We begin by defining the matter Hamiltonian and the
corresponding total dipole operator as follows
HˆM = Tˆ+Vˆ (xˆ) =
∑
j
1
2mj
pˆ2j+Vˆ (xˆ); µˆ =
∑
j
zjxˆj , (1)
where j is the index of the jth charged particle (including
all electrons and nuclei), with the corresponding mass mj
and charge zj . In addition, xˆ ≡ {xˆj} = {Rˆ, rˆ} with Rˆ
and rˆ represents the nuclear and electronic coordinates,
respectively, pˆ ≡ {pˆj} = {pˆR, pˆr} is the momentum
operator, Tˆ = TˆR + Tˆr is the kinetic energy operator,
and Vˆ (xˆ) is the potential operator that describes the
Coulombic interactions among electrons and nuclei.
The cavity photon field Hamiltonian under the single
mode assumption is expressed as
Hˆph = ~ωc
(
aˆ†aˆ+
1
2
)
=
1
2
(
pˆ2c + ω
2
c qˆ
2
c
)
, (2)
where ωc is the frequency of the mode in the cavity, aˆ
†
and aˆ are the photonic creation and annihilation oper-
ators, qˆc =
√
~/2ωc(aˆ† + aˆ) and pˆc = i
√
~ωc/2(aˆ† − aˆ)
are the photonic coordinate and momentum operators,
respectively. The transverse vector potential (Aˆ ≡ Aˆ⊥)
under the long-wavelength approximation is
Aˆ = A0
(
aˆ+ aˆ†
)
= A0
√
2ωc/~ qˆc (3)
where A0 =
√
~/2ωcε0V eˆ, with V as the quantization
volume of the photon field, ε0 as the permittivity inside
the cavity, and eˆ is the unit vector of the field polarization
direction.
We further introduce the Power-Zienau-Woolley
(PZW) gauge transformation operator [10, 19, 20]
Uˆ = exp
[− i
~
µˆ · Aˆ] = exp [− i
~
µˆ ·A0
(
aˆ+ aˆ†
)]
, (4)
or Uˆ = exp
[− i~√2ωc/~µˆA0qˆc] = exp [− i~ (∑j zjAˆxj)].
Recall that a momentum boost operator Uˆp = e
− i~p0qˆ
displaces pˆ by the amount of p0, such that UˆpOˆ(pˆ)Uˆ
†
p =
Oˆ(pˆ + p0). Hence, Uˆ is a boost operator for both the
photonic momentum pˆc by the amount of
√
2ωc/~µˆA0,
as well as for the matter momentum pˆj by the amount
of zjAˆ.
The QED Hamiltonian of the light-matter interaction
in the Coulomb gauge (the “p ·A” form) is expressed as
HˆC =
∑
j
1
2mj
(pˆj−zjAˆ)2+Vˆ (xˆ)+Hˆph = Uˆ†HˆMUˆ+Hˆph,
(5)
ar
X
iv
:2
00
6.
03
19
1v
1 
 [q
ua
nt-
ph
]  
5 J
un
 20
20
2where the last expression [17] indicates that under the
long-wavelength approximation, HˆC can be mathemat-
ically obtained by a momentum boost of HˆM using Uˆ
†
with the amount of −zjAˆ for pˆj , then adding Hˆph. Phys-
ically, it means that the boost operator adds the mo-
mentum of the field to the mechanical momentum of the
particle, giving rise to the kinematic momentum that is
the canonical momentum of the particle position when
explicitly considering the light-matter interaction. Note
that Uˆ†Vˆ (xˆ)Uˆ = Vˆ (xˆ) because Vˆ is a local potential op-
erator for the matter, that is, only a function of xˆ and
pˆ-independent.
The QED Hamiltonian under the dipole gauge (the
“d · E” form) can be obtained by performing the PZW
transformation of HˆC as follows
HˆD = UˆHˆCUˆ
† = Uˆ Uˆ†HˆMUˆ Uˆ† + UˆHˆphUˆ† (6)
= HˆM + ~ωc(aˆ†aˆ+
1
2
) + iωcµˆA0(aˆ
† − aˆ) + ωc
~
(µˆA0)
2,
where the last three terms of the above equation are
the results of UˆHˆphUˆ
† (see SI). Using qˆc and pˆc, one
can instead show that HˆD = HˆM +
1
2ω
2
c qˆ
2
c +
1
2 (pˆc +√
2ωc/~µˆA0)2, which is a natural result because the
PZW operator boost the photonic momentum pˆc by√
2ωc/~µˆA0.
The gauge invariance is explicitly enforced between HˆC
in Eqn. 5 and HˆD in Eqn. 6 through the unitary PZW
Gauge transformation. However, this gauge invariance
will explicitly breakdown when a truncation of electronic
states is applied to both Hamiltonians [16, 17]. Using
the projection operator Pˆ = ∑α |α〉〈α|, the truncated
matter Hamiltonian is
HˆM = PˆHˆMPˆ = PˆTˆ Pˆ + PˆVˆ (xˆ)Pˆ. (7)
Throughout this letter, we use calligraphic symbols (such
as HˆM) to indicate operators in the truncated Hilbert
space.
Applying Pˆ on HˆC and HˆD leads to Hˆ′C = PˆHˆCPˆ and
HˆD = PˆHˆDPˆ as follows
Hˆ′C = HˆM + Hˆph +
∑
j
( zj
mj
PˆpˆjPˆAˆ+
z2j
2mj
Aˆ2
)
(8)
HˆD = HˆM + Hˆph + iωcPˆµˆPˆA0(aˆ† − aˆ) + ωc~ (PˆµˆPˆA0)
2
(9)
It is a well-known fact that the above two Hamilto-
nians do not generate the same polariton eigenspec-
trum [16, 17], even for a simple two-level atom coupled
to the cavity (Rabi Model) [17]. Hence, one observes the
breakdown of the gauge invariance between Hˆ′C and HˆD
when applying to a same level of matter state truncation
through Pˆ. This is historically attributed to the fact that
Hˆ′C usually requires a larger subset of the matter states
to converge or generate consistent results of HˆD and ap-
parently, under the complete basis limit, they are gauge
invariant. Further, this fundamentally different behav-
ior of Hˆ′C and HˆD upon electronic states truncation is
deeply rooted in the fundamental asymmetry of the pˆ
and µˆ =
∑
j xˆj operators, especially when the potential
is highly non-harmonic [16].
To formally demonstrate this breakdown of gauge in-
variance, let us consider these Hamiltonians in the trun-
cated subspace. For Hˆ′C, it can be formally expressed as
follows
Hˆ′C = PˆUˆ†HˆMUˆ Pˆ + Hˆph = PˆUˆ†Tˆ Uˆ Pˆ + PˆVˆ (xˆ)Pˆ + Hˆph
(10)
where we have used the fact that Uˆ†Vˆ (xˆ)Uˆ = Vˆ (xˆ). It
can be formally shown that PˆVˆ (xˆ)Pˆ is in principle a
non-local potential [14, 17, 21], such that PˆVˆ (xˆ)Pˆ =
Vˆ(xˆ, pˆ). When the potential becomes non-local, a gauge
transformation is required to apply on it in order to
maintain gauge invariance, meaning that performing
Uˆ†Vˆ(xˆ, pˆ)Uˆ = Vˆ(xˆ,∑j pˆj − zjAˆ) for the PˆVˆ (xˆ)Pˆ term
in Eqn. 10 is necessary. This requirement, of course, is
not fulfilled when simply projecting Pˆ on HˆC to obtain
Hˆ′C (in Eqn. 10). On the other hand, HˆD can be formally
written as
HˆD = PˆHˆMPˆ + PˆUˆHˆphUˆ†Pˆ, (11)
where the projection Pˆ is always performed after the nec-
essary PZW gauge transformation Uˆ , thus HˆD maintains
gauge principle.
The breakdown of gauge invariance of Hˆ′C can be
fixed [17] by applying the PZW operator after performing
the projection as follows
HˆC = PˆUˆ†PˆHˆMPˆUˆ Pˆ + Hˆph = Uˆ†HˆMUˆ + Hˆph, (12)
where the PZW operator in the truncated subspace is
Uˆ = PˆUˆ Pˆ = Pˆ exp [− i
~
µˆ · Aˆ]Pˆ = exp [− i
~
PˆµˆPˆ · Aˆ],
(13)
and Uˆ† = PˆUˆ†Pˆ. One can explicitly show that HˆC and
HˆD are gauge invariant Hamiltonians as follows
UˆHˆCUˆ† = HˆM + PˆUˆ PˆHˆphPˆUˆ†Pˆ = HˆD. (14)
Note that to establish the last equality we have used the
fact that PˆUˆ PˆHˆphPˆUˆ†Pˆ = PˆUˆHˆphUˆ†Pˆ. This is because
PˆUˆHˆphUˆ†Pˆ = Pˆ( 12ω2c qˆ2c + 12 (pˆc +
√
2ωc/~µˆA0)2)Pˆ =
1
2ω
2
c qˆ
2
c +
1
2 (pˆc +
√
2ωc/~PˆµˆPˆA0)2, which is the same as
PˆUˆ PˆHˆphPˆUˆ†Pˆ = Uˆ( 12ω2cq2c + 12 pˆ2c)Uˆ† = 12ω2c qˆ2c + 12 (pˆc +√
2ωc/~PˆµˆPˆA0)2. Thus, we have formally proved that
the gauge invariance can be restored in any arbitrary
matter-cavity hybrid system between the Coulomb and
the dipole gauge, going beyond any special models [17,
21].
3We emphasize that PˆµˆPˆ is in principle a function of
both xˆ and pˆ, such that
PˆµˆPˆ ≡ µ˜(xˆ, pˆ), (15)
and it is not necessarily a linear function of them, as
oppose to µˆ which is a pure linear function of xˆ (see
Eqn. 1). Hence, Uˆ† = exp [ i~ µ˜ · Aˆ] no longer just boost
the matter momentum by zjAˆ (see Eqn. 5). Using the
Baker-Campbell-Hausdorff (BCH) identity we have
Uˆ†pˆjUˆ = pˆj + i~ [µ˜Aˆ, pˆj ] +
1
2
( i
~
)2
[µ˜Aˆ, [µ˜Aˆ, pˆj ]] + ...
= pˆj −∇jµ˜(xˆ, pˆ)Aˆ+ P˜j , (16)
where ∇j ≡ ∂/∂xj , and P˜j ≡ 12
(
i
~
)2
[µ˜Aˆ, [µ˜Aˆ, pˆj ]] + ...
is the residual momentum that accounts for terms with
more than one commutator in the BCH identity. Further,
Uˆ† no longer commute with Vˆ and will displace the mat-
ter coordinate. Hence, under the projection, Uˆ† boosts
the matter momentum by the amount of −∇jµ˜Aˆ+ P˜j ,
and also displaces the matter coordinate as well as boost
the matter momentum inside Vˆ(xˆ, pˆ).
Using the above result in Eqn. 16, as well as the
fact that both Uˆ† and Uˆ commute with Pˆ, such that
Uˆ†PˆTˆ PˆUˆ = PˆUˆ†Tˆ Uˆ Pˆ, we can derive a new expression
of HˆC (in Eqn. 12) as follows
HˆC = Uˆ†PˆTˆ PˆUˆ + Uˆ†PˆVˆ (xˆ)PˆUˆ + Hˆph (17)
=
∑
j
1
2mj
Pˆ(pˆj −∇jµ˜Aˆ+ P˜j)2Pˆ + Uˆ†Vˆ(xˆ, pˆ)Uˆ + Hˆph,
where the sum j includes all charged particles (electrons
and nuclei). To derive the above equation, we have used
the basic property eYˆ Oˆ(Xˆ)e−Yˆ = Oˆ(eYˆ Xˆe−Yˆ ). Note
that Hˆ′C (Eqn. 8) as well as HˆC (Eqn. 5) only contain
the vector potential Aˆ up to the second order. This is
no longer the case for HˆC in Eqn. 17. In fact, both the
P˜j term and the Uˆ†Vˆ(xˆ, pˆ)Uˆ term in principle contains
infinite orders of Aˆ. Hence, the consequence of level trun-
cation on HˆC is not just simply modifying the dipole mo-
ment (as incorrectly indicated by Hˆ′C in Eqn. 8), but also
profoundly change the structure of light-matter interac-
tions [17] through both the new potential Uˆ†Vˆ(xˆ, pˆ)Uˆ as
well as the new momentum shift −∇jµ˜Aˆ + P˜j , due to
the mixing of the light and the matter DOF through Uˆ†
and Uˆ . It is also self-evident that HˆC will return to
HˆC in Eqn. 5 under the complete basis limit (as long
as Pˆ does not dependents on Rˆ). This is because that
under the complete basis limit, µ˜ ≡ PˆµˆPˆ → µˆ, thus
∇jµ˜ → ∇jµˆ = zj , hence P˜j → 0, as well as Uˆ → Uˆ ,
hence Uˆ†PˆVˆ (xˆ)PˆUˆ → Uˆ†Vˆ (xˆ)Uˆ = Vˆ (xˆ). Despite that
the expression of Eqn. 17 is directly connected to HˆC
under the complete basis limit, it is not convenient in
molecular cavity QED, due to the explicit presence of
electronic momentum operator as well as Uˆ†Vˆ(xˆ, pˆ)Uˆ .
To present an equivalent yet convenient HˆC for molec-
ular cavity QED, we use the electronic states associated
with the electronic Hamiltonian Hˆel = Tˆr + Vˆ = HˆM −
TˆR, where TˆR and Tˆr represent the kinetic energy oper-
ator for nuclei and for electrons, respectively. The adia-
batic electronic states |α(R)〉 is one type of the most com-
monly obtained electronic states, through the machinery
of modern electronic structure calculations by solving the
eigenvalue problem (in a finite basis) as Hˆel|α(R)〉 =
(Tˆr+ Vˆ )|α(R)〉 = Eα(R)|α(R)〉, where Eα(R) is the so-
called the adiabatic potential energy surface. Using a fi-
nite set of {|α(R)〉} to form the Hilbert subspace through
Pˆ = ∑α |α(R)〉〈α(R)|, we obtain the projected elec-
tronic Hamiltonian Hˆel = PˆHˆelPˆ =
∑
αEα(R)|α〉〈α|.
Alternatively, diabatic electronic states [22–25] {|ϕ〉, |φ〉}
can be obtained by the unitary transform [22–26] from
the adiabatic states |α(R)〉 or by construction by pre-
serving basic properties [27], such as the charge density.
As oppose to adiabatic states, the character of the dia-
batic states do not depend on R, such that 〈ϕ|∇R|φ〉 =
0. Using a finite set of diabatic states to construct
the projection Pˆ = ∑ϕ |ϕ〉〈ϕ|, the truncated electronic
Hamiltonian is Hˆel = PˆHˆelPˆ =
∑
ϕ Vϕϕ(R)|ϕ〉〈ϕ| +∑
ϕ6=φ Vϕφ(R)|ϕ〉〈φ|, where Vϕφ(R) = 〈ϕ|Hˆel|φ〉 is the
diabatic matrix element of Hˆel (not to be confused by
the previously introduced Vˆ(xˆ, pˆ) = PˆVˆ (xˆ)Pˆ). As op-
pose to the adiabatic states (which are the eigenstates of
Hˆel), there are off-diagonal elements (diabatic electronic
couplings)) Vϕφ(R) that couples diabatic states.
The central result of this letter is reached by splitting
the matter Hamiltonian as HˆM = TˆR + Hˆel, then using
Eqn. 12 to derive the following expression
HˆC = Uˆ†PˆTˆRPˆUˆ + Uˆ†PˆHˆel(pˆr, xˆ)PˆUˆ + Hˆph (18)
=
∑
j∈R
1
2mj
Pˆ(pˆj −∇jµ˜Aˆ+ P˜j)2Pˆ + Uˆ†HˆelUˆ + Hˆph,
where the sum over j only includes nuclei. In the above
expression, we did not specify the choice of Pˆ, which
could be either adiabatic or diabatic. Under the lim-
iting case when A0 = 0 (zero field strength limit or
zero coupling limit), both the −∇jµ˜Aˆ and P˜j terms
(see Eqn. 16) become 0, and Uˆ† = Uˆ → Pˆ ⊗ 1ˆR ⊗ 1ˆph,
where 1ˆR and 1ˆph are the identity operators for nuclear
and photonic DOF, respectively. Thus, under such limit,
HˆC → HˆM + Hˆph and the matter and the cavity be-
comes decoupled. When using adiabatic states for the
truncation, Pˆpˆ2j Pˆ =
∑
α,β(pˆjδαβ− i~djαβ)2|α〉〈β|, where
djαβ ≡ 〈α|∇j |β〉 is the well known derivative couplings.
Besides these adiabatic derivative couplings, the light-
matter interaction also induced additional “derivative”-
type couplings, −∇jµ˜Aˆ and P˜j , regardless of the elec-
tronic representation used in constructing Pˆ.
HˆC in Eqn. 18 provides a general and convenient ex-
pression for the Coulomb gauge molecular cavity QED
4Hamiltonian under the truncation of electronic states. To
construct it, one can follow the general procedure: (i) ob-
tain the matter Hamiltonian in this truncated subspace
Hˆel = PˆHˆelPˆ and the dipole operator in this subspace
µ˜ = PˆµˆPˆ (which in principle include both the transi-
tion and permanent dipoles), (ii) constructing the pro-
jected PZW operator Uˆ = exp [− i~ PˆµˆPˆAˆ], and obtain
Uˆ†HˆelUˆ , and (iii) evaluating ∇jµ˜, as well as P˜j , then
couple them with pˆR and project whole term with Pˆ.
The residual momentum P˜j in general could be convo-
luted and depends on the choice of Pˆ. Never the less, for
a two-level truncation we have analytic results (see the
example below) for P˜j . When using the Mulliken-Hush
diabatic states [24, 28] which are the eigenstates of the
µ˜ ≡ PˆµˆPˆ operator, such that µ˜ = ∑φ µφφ|φ〉〈φ|, one
can prove that P˜j = 0 for all nuclei. This is because that
∇jµ˜ =
∑
φ∇jµφφ|φ〉〈φ|, thus both µ˜Aˆ and [µ˜Aˆ, pˆj ]
become purely diagonal matrices, hence all of the higher
order commutators in Eqn. 16 become zero, resulting in
P˜j = 0 for j ∈ R.
Next, we use the above general principle to derive an-
alytical results for a model system. Without loosing gen-
erality, let us consider a molecular system within the di-
abatic states {|0〉, |1〉}, which represents a broad range
of chemical systems. To simplify our algebra, we will as-
sume there is only one nuclear DOF with the coordinate
Rˆ and momentum pˆR. We will further assume that µˆ
is always aligned along the polarization direction of Aˆ
(which is eˆ). When considering more than one nuclear
DOF, this assumption may not apply (such as consid-
ering molecular rotations inside the cavity [29, 30]), one
needs to explicitly use µˆ · Aˆ instead of µˆAˆ for all of the
following expressions.
Under the truncated space, Pˆ = |0〉〈0| + |1〉〈1|, the
dipole operator is expressed as µ˜ ≡ PˆµˆPˆ = ∆µσˆz+ µ¯Pˆ+
µ10σˆx, where ∆µ =
1
2 (µ00 − µ11), µ¯ = 12 (µ00 + µ11), and
µϕφ(Rˆ) = 〈ϕ|µˆ|φ〉. Note that these transition and per-
manent dipoles are functions of Rˆ. The electronic Hamil-
tonian in this truncated subspace is Hˆel = PˆHˆelPˆ =
ε(Rˆ)σˆz + V¯(Rˆ)Pˆ + V10(Rˆ)σˆx, where ε(Rˆ) = 12 (V00(Rˆ)−
V11(Rˆ)), V¯(Rˆ) = 12 (V00(Rˆ) + V11(Rˆ)), and Vϕφ(Rˆ) =
〈ϕ|Hˆel|φ〉 (i.e., they are Hˆel’s matrix elements). Using
the above spin representation for µ˜ and Hˆel, as well as the
BCH identity, we can analytically show (see details in SI)
that HˆC = 12mR Pˆ(pˆR−∇Rµ˜Aˆ+ P˜R)2Pˆ+ Uˆ†HˆelUˆ + Hˆph,
where the Uˆ†HˆelUˆ is expressed as follows
Uˆ†HˆelUˆ = Hˆel +
(
ε(Rˆ) sin θ − V10(Rˆ) cos θ
)(
sin [ξAˆ]σˆy
+ cos θ
(
1− cos[ξAˆ])σˆx + sin θ(cos[ξAˆ]− 1)σˆz), (19)
ξ =
√
(µ00 − µ11)2 + 4µ210, tan θ = 2µ01/(µ00−µ11), and
the residual momentum is P˜R =
1
2
(∇R tan θ) cos2 θ[(1−
cos[ξAˆ]
)
σˆy+
(
(sin θ)σˆz− (cos θ)σˆx
)(
sin[ξAˆ]−ξAˆ)]. This
Hamiltonian is gauge invariant from HˆD (its detailed ex-
pression is provided in SI). Note that for using adiabatic
states projection Pˆ = ∑α |α(R)〉〈α(R)|, the Uˆ†HˆelUˆ ex-
pression in Eqn. 19 remains the same form with Vˆ01 = 0,
and so does the form of HˆC, except for the detailed
expression of P˜ . The above result has two interest-
ing limits. The first limit is the Rabi model (two-
level atom interacts with a cavity) under the Coulomb
gauge. For such an atomic-cavity system, there is no
nuclear DOF {R, pR}, and HˆM = Hˆel = εσˆz + E¯Pˆ,
where ε = 12 (E0 − E1) = 12~ω01, E¯ = 12 (E0 + E1), and
PˆµˆPˆ = µ10(|0〉〈1| + |1〉〈0|) = µ10σˆx. Further, by notic-
ing that V10 → 0, ξ → 2µ10, tan θ → ∞, θ → pi/2,
and sin θ → 1, cos θ → 0, Equation 19 simplifies to HˆC =
E¯Pˆ+ε sin[2µ10Aˆ]σˆy+ε cos[2µ12Aˆ]σˆz+~ω(aˆ†aˆ+ 12 ), which
is the gauge invariant Rabi Model under the Coulomb
gauge derived by Nori and coworkers [17]. The second
limit is when these diabatic states are also Mulliken-
Hush diabatic states, which means that µ10 = 0 and
tan θ(R) = 0, hence ∇R tan θ(R) = 0, and P˜R = 0, agree-
ing with our previous analysis of this residual momentum.
Fig. 1 demonstrates the validity of our theory with
a numerical example of a molecule couple to the cav-
ity [1]. Here, we use the Shin-Metiu model [31] to repre-
sent the molecular system, which contains two fixed ions,
one moving electron and proton (whose position is R), all
interacting with each other through modified Coulom-
bic potentials. The details of this model, as well as the
procedure to obtain the strict diabatic states (which is
not the MH diabatic representation) are provided in SI.
Fig. 1a presents the diabatic potential and the matrix
elements of µ˜. Here, we focus on comparing the polari-
tonic potential energy surface Ek(R), which is defined as
HˆDpl|Φk(R)〉 = Ek(R)|Φk(R)〉 where HˆDpl = HˆD−TˆR repre-
sents the polariton Hamiltonian under the dipole gauge.
In the truncated electronic subspace, HˆDpl = PˆHˆDplPˆ =
Hˆel + UˆHˆphUˆ†, HˆCpl = Uˆ†HˆDplUˆ = Uˆ†HˆelUˆ + Hˆph, and
HˆC′pl = PˆUˆ†HˆDplUˆ Pˆ. Note that the analytical results
of Uˆ†HˆelUˆ is expressed in Eqn. 19, whereas the details
of other expressions are provided in SI. The matrix ele-
ments of these Hamiltonians are evaluated with the two
electronic diabatic states and a large number of Fock
states, and diagonalizing this matrix gives Ek(R). Fig. 1b
presents Ek(R) with A0 = 0.2 a.u. and ~ωc = 3 eV (such
that the light and matter excitations are in resonance at
R = 0). While the HˆDpl (solid) and HˆCpl (dotted) give
identical results throughout all range of R, HˆC′pl (dashed)
gives inconsistent results and breakdown gauge invari-
ance. Fig. 1c-d presents Ek − E0 at ~ωc = 3 eV as a
function of the field strength A0, at R = 0 (resonance
condition) and R = −1.74 a.u. (detuned), respectively.
Again, the results from the Coulomb gauge and dipole
gauge agree with each other exactly through out the en-
tire range of the field strength, whereas simple state trun-
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FIG. 1. Shin-Metiu model (transferring proton and elec-
tron between two fixed ions) coupled to an optical cavity.
(a) Diabatic potentials Vϕφ(R) (upper panel) and dipole µ˜
(lower panel), with the inset describes characters of the di-
abatic states. (b) Polariton potential energy surface Ek for
the molecule-cavity hybrid system at A0 = 0.2 and ~ωc = 3
eV, from HˆDpl (solid), HˆCpl (dotted), and HˆC
′
pl (dashed). The
polariton eigen-energies as a function of A0 are depicted at
(c) R=0 and (d) R=-1.74 a.u.
cation on the Coulomb gauge QED Hamiltonian breaks
the gauge invariance, especially in the ultra-strong cou-
pling regime [17, 32].
Before we end this letter, we want to comment on the
widely used Pauli-Fierz (PF) QED Hamiltonian [1, 33,
34] in recent studies of polariton chemistry. The PF
Hamiltonian can be obtained by using a unitary transfor-
mation Uˆθ = exp
[−ipi2 aˆ†aˆ] on HˆD that switch pˆc and qˆc,
because for a photon field they are inter-changeable due
to the pure harmonic nature of the quantized field. Ap-
plying Uˆθ on HˆD in Eqn. 6, we have the PF Hamiltonian
as follows HˆPF = UˆθHˆDUˆ
†
θ = HˆM+
1
2 pˆ
2
c+
1
2ω
2
c (qˆc+
A0µˆ√
~ωc
)2.
It has the advantage as a pure real Hamiltonian and the
photonic DOF can be viewed [1, 34] and computationally
treated [35, 36] as an additional “nuclear coordinate”.
In the truncated electronic basis, the PF Hamiltonian
is HˆPF = PˆHˆPFPˆ = PˆUˆθHˆDUˆ†θ Pˆ = UˆθPˆHˆDPˆUˆ†θ =
UˆθHˆDUˆ†θ = HˆM+ UˆθUˆHˆphUˆ†Uˆ†θ . Note that we have used
the fact that Uˆθ is only a function of the photonic DOF,
thus it commutes with the projection operator Pˆ. Us-
ing a finite level of projection on HˆPF also guarantees
the gauge invariance, because Uˆθ commutes with Pˆ and
only applies it to the Hamiltonian after Uˆ . On the other
hand, those studies [37] that directly use Hˆ ′C breaks the
gauge invariance (especially in the ultra-strong coupling
regime), and the future investigations should consider us-
ing HˆC in Eqn. 18 instead.
In conclusion, we lay out the fundamental theoreti-
cal framework for the molecular cavity QED by present-
ing the general procedure to obtain gauge-invariant QED
Hamiltonians with the explicit electronic state trunca-
tion. Future investigations will focus on using HˆC for
quantum dynamics simulations of molecular polariton
chemistry.
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